In 2009, Kong, Wang, and Lee began work on the problem of finding the edgebalanced index sets of complete bipartite graphs K m,n by solving the cases where n = 1, 2, 3, 4, and 5, and also the case where m = n. In an article soon to be published, Krop, Minion, Patel, and Raridan concluded the edge-balanced index set problem for complete bipartite graphs with both parts of odd cardinality. In this paper, we conclude the problem for complete bipartite graphs where the larger part is of odd cardinality and the smaller is of even cardinality.
Introduction
For a graph G = (V, E) with vertex set V and edge set E, a binary edge-labeling is a surjection f : E → {0, 1}. Let i ∈ {0, 1}. An edge labeled i is called an i-edge and let e(i) denote the total number of i-edges in G with respect to a binary edge-labeling f . In the case where |e(1) − e(0)| ≤ 1, a binary edge-labeling is called edge-friendly. Call the number of i-edges incident with a vertex v the i-degree of v, denoted deg i (v), so that the degree of v is deg(v) = deg 1 (v) + deg 0 (v). An edge-friendly labeling of G will induce a graphs with both parts of odd cardinality.
A natural next step in the problem is to find the EBI of the complete bipartite graphs where at least one part has even cardinality. In this paper, we conclude the problem for complete bipartite graphs where the larger part is of odd cardinality and the smaller is of even cardinality. Throughout the rest of this paper, let K m,n be a complete bipartite graph with part A of cardinality m and part B of cardinality n, where m is odd, n is even, and m > n ≥ 2.
Let q be the quotient when m is divided by + 2 ≤ n, a contradiction. In fact, if n ≥ 4, q = 1, and r ≥ 2 is even, say r = 2j for some j ≥ 1, then n 2 is even since m is odd.
That is, n = 4k for some k ≥ 1. We have m > n if and only if j ≥ k and r ≤ . Similarly, if n ≥ 4, q = 1, and r ≥ 3 is odd, we have r = were a 1-vertex, then the number of 1-edges incident with these vertices would be at least
, a contradiction. However, it is possible to have only one 0-vertex in B since
. We have similar results for the vertices in A.
Two Particular Edge-Friendly Labelings
In this section, we describe two edge-friendly labelings f, f ′ of K m,n . The labeling f will show that 0 ∈ EBI(K m,n ) and f ′ will show that n − 2 ∈ EBI(K m,n ). When n = 2, the labelings f and f ′ give the same index 0, so we do not construct f ′ when n = 2. For larger values of n, we obtain two distinct edge-friendly labelings that give different indices.
Initializing the Labelings
, and label the remaining edges incident
, and label the remaining edges incident with vertex v * 1 by 0, so that v * 1 is unlabeled.
The Labeling f
After initializing f as described above, we continue to label the edges of K m,n as follows to create an edge-friendly labeling f : , set f (v * j u k ) = 0 and label the remaining edges incident with vertex v * j by 1, so that v * j is unlabeled. Note that under f , all edges in the graph have been labeled either 0 or 1 and f is edge-friendly by construction.
All vertices in A are unlabeled. If n = 2, then deg 1 (u 1 ) = deg 0 (u 2 ) = q + 1 and deg 0 (u 1 ) = deg 1 (u 2 ) = q, so vertex u 1 is a 1-vertex and u 2 is a 0-vertex. For n ≥ 4 and
, which gives 0 ∈ EBI(K m,n ).
′ By previous remarks, we know that it is possible to have an edge-friendly labeling of K m,n where one vertex of B, say u n , is a 0-vertex and the remaining vertices u 1 , . . . , u n−1 are 1-vertices.
After initializing f ′ as described above, we continue to label the edges of K m,n , where n ≥ 4, as follows to create an edge-friendly labeling f ′ . We begin by labeling the edges (which are not already labeled) incident with vertex u n by 0 so that deg 0 (u n ) = m and u n is a 0-vertex. The remaining edge labels will be determined based on the parity of i ∈ , and ℓ = j + k − 1, and label the remaining unlabeled edges incident with each vertex v * j by 0, so that v * j is unlabeled. Under f ′ , all edges in the graph have been labeled either 0 or 1, and since e(0) = e(1), the constructed labeling f ′ is edge-friendly. All vertices in A are unlabeled, vertex u n is a 0-vertex, and deg 1 (u i ) > deg 0 (u i ) for i ∈ [n − 1], so vertex u i is a 1-vertex. Thus, v(1) = n − 1 and v(0) = 1, which gives n − 2 ∈ EBI(K m,n ).
Main Result
We are now ready to prove the following: Theorem 3.1 Let K m,n be a complete bipartite graph with parts of cardinality m and n, where m is odd, n is even, and m > n ≥ 2. Then EBI(K m,2 ) = {0}. For n ≥ 4, let q be the quotient when m is divided by n 2 + 1 and let r be the remainder. Then Proof. Let n = 2. Then the labeling f given in Section 2.2 shows that 0 ∈ EBI(K m,2 ). To see that 0 is the only index in the edge-balanced index set of K m,2 , consider switches on pairs of edges incident with a vertex u ∈ B, say e = uv and e ′ = uv ′ , where f (e) = 1 and f (e ′ ) = 0. Such switches will not alter the edge-friendliness of the labeling, nor alter the label on vertex u, but each switch will change the unlabeled vertex v to a 0-vertex and the unlabeled vertex For the remainder of the proof, let n ≥ 4, let q be the quotient when m is divided by n 2 + 1, and let r be the remainder.
Consider the labeling f ′ given in Section 2.3, which provides an edge-friendly labeling of K m,n and shows that n − 2 ∈ EBI(K m,n ). We perform edge label switches on pairs of 0-edges and 1-edges incident with the same vertex in part B, noting that such a switch will not alter the edge-friendliness of the labeling. For i ∈ [q], switch the label on edge v i 1 u 1 with the label on edge u 1 v i 2 . These edge label switches will not change the label on vertex u 1 , but will cause v i 1 to change from an unlabeled vertex to a 0-vertex and will cause v i 2 to change from unlabeled vertex to a 1-vertex. After performing these edge label switches, we note that the number of 1-vertices increased by q and the number of 0-vertices increased by q, so we still have n − 2 ∈ EBI(K m,n ). Continuing our {0, 1}-edge-pair switches, for 
Now, consider the labeling f given in Section 2.2. Performing the same {0, 1}-edge-pair switches described above, we find that we are able to achieve subsets of the edge-balanced index set based on the value of r. If r = 0, then we achieve the indices {0, 1, . . . , m − 2q}. If r = 1, then we achieve the indices {0, 1, . . . , m − 2q − 1}. If r ≥ 2, then we achieve the indices {0, 1, . . . , m − 2q − 2}. > n − 2. Thus, if r ≥ 2, then m − 2q − 2 ≥ n − 3 and EBI(K m,n ) = {0, 1, . . . , m + n − 2q − 4}.
